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We develop new polynomial methods for studying systems of word equations. We use them to im- 
prove some earlier results and to analyze how sizes of systems of word equations satisfying certain 
independence properties depend on the lengths of the equations. These methods give the first non- 
trivial upper bounds for the sizes of the systems. 

1 Introduction 

Word equations are a fundamental part of combinatorics on words, see e.g. [20| or [2] for a general 
reference on these subjects. One of the basic results in the theory of word equations is that a nontrivial 
equation causes a defect effect. In other words, if n words satisfy a nontrivial relation, then they can be 
represented as products of « — 1 words. Not much is known about the additional restrictions caused by 
several independent relations ||9l. 

In fact, even the following simple question, formulated already in 131, is still unanswered: how large 
can an independent system of word equations on three unknowns be? The largest known examples consist 
of three equations. The only known upper bound comes from the Ehrenfeucht Compactness Property, 
proved in |[T1 and independently in ||8l : an independent system cannot be infinite. This question can be 
obviously asked also in the case of « > 3 unknowns. Then there are independent systems of size @{n^) 
|[T6l . Some results concerning independent systems on three unknowns can be found in ifTTTl . ll5l and lH, 
but the open problem seems to be very difficult to approach with current techniques. 

There are many variations of the above question: we may study it in the free semigroup, i.e. require 
that h{x) 7^ e for every solution h and unknown x, or examine only the systems having a solution of rank 
n — 1, or study chains of solution sets instead of independent systems. See e.g. ifTOl . ||9l , HI and [11]. 

In this article we will try to use polynomials to study some questions related to systems of word 
equations. Algebraic techniques have been used before, most notably in the proof of Ehrenfeucht's 
conjecture, which is based on Hilbert's Basis Theorem. However, the way in which we use polynomials 
is quite different and allows us to apply linear algebra to the problems. 

One of the main contributions of this article is the development of new methods for attacking prob- 
lems on word equations. This is done in Sections [3] and [51 Other contributions include simplified proofs 
and generalizations for old results in Sect. |4]and in the end of Sect. [51 and studying maximal sizes of 
independent systems of equations in Sect. [6l Thus the connection between word equations and linear 
algebra is not only theoretically interesting, but is also shown to be very useful at establishing simple- 
looking results that have been previously unknown, or that have had only very complicated proofs. In 
addition to the results of the paper, we believe that the techniques may be useful in further analysis of 
word equations. 
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Now we give a brief overview of the paper. First, in Sect. [2] we define a way to transform words into 
polynomials and prove some basic results using these polynomials. 

In Sect. [3] we prove that if the lengths of the unknowns are fixed, then there is a connection between 
the ranks of solutions of a system of equations and the rank of a certain polynomial matrix. This theorem 
is very important for all the later results. 

Section HI contains small generalizations of two earlier results. These are nice examples of the meth- 
ods developed in Sect. [3] and have independent interest, but they are not important for the later sections. 

In Sect. [5] we analyze the results of Sect. |3l when the lengths of the unknowns are not fixed. For 
every solution these lengths form an n-dimensional vector, called the length type of the solution. We 
prove that the length types of all solutions of rank n — 1 of a pair of equations aie covered by a finite 
union of {n — 1) -dimensional subspaces, if the equations are not equivalent on solutions of rank n — 1. 
This means that the solution sets of pairs of equations are in some sense more structured than the solution 
sets of single equations. This theorem is the key to proving the remaining results. We conclude Sect. 
|5] by proving a theorem about unbalanced equations. This gives a considerably simpler reproof and a 
generalization of a result in 1111 

Finally, in Sect. [6] we return to the question about sizes of independent systems. There is a trivial 
bound for the size of a system depending on the length of the longest equation, because there are only 
exponentially many equations of a fixed length. We prove that if the system is independent even when 
considering only solutions of rank n — l, then there is an upper bound for the size of the system depending 
quadratically on the length of the shortest equation. Even though it does not give a fixed bound even in 
the case of three unknowns, it is a first result of its type - hence opening, we hope, a new avenue for 
future research. 



2 Basic Theorems 

Let \w\ be the length of a word w and \w\a be the number of occurrences of a letter a in w. We use the 
notation m < v, if m is a prefix of v. We denote the set of nonnegative integers by No and the set of positive 
integers by Ni. The empty word is denoted by e. 

In this section we give proofs for some well-known results. These serve as examples of the polyno- 
mial methods used. Even though the standard proofs of these are simple, we hope that the proofs given 
here illustrate how properties of words can be formulated and proved in terms of polynomials. 

Let £ C Ni be an alphabet of numbers. For a word w = ao • • • '^n-i £ ^" we define a polynomial 

Now w I— Pu is an injective mapping from words to polynomials (here we need the assumption ^ £). 
If wi,...,w,„ Gr*,then 

P —PA-P vI^'iIj LP Ykl...W„_l| (-l^ 

If w G £+ and k G No, then 

'^k\w\ _ Y 

The polynomial P„, can be viewed as a characteristic polynomial of the word w. We could also replace 
X with a suitable number b and get a number whose reverse b-wy representation is w. Or we could let the 
coefficients of P^ be from some other commutative ring than Z. Similar ideas have been used to analyze 
words in many places, see e.g. 1191 . 1231 and ifTSl . 
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Example 2.1. If w = 1212, then P^ = \+2X + X'^ + 2X^ . 

A word w is primitive, if it is not of the form u!^ for any ^ > 1. If w = m'^ and u is primitive, then u is 
a primitive root of w. 

Lemma 2.2. T/'w is primitive, then is not divisible by any polynomial of the form (xl**'! - 1)/(X" - 1), 
where n < \w\ is a divisor of\w\. 

Proof lfP„ is divisible by {X\''\ - 1)/(X" - 1), then there are numbers ao,--- ,an-i such that 

X\w\ y 

Pvv = {ao + aiX^ + • • ■ + an-iX"-^) = {ao + aiX^ + • • ■ + an-iX"-^){l +X" + • • • 

JL — i 



so w - 



(ao...a„-i)l"l/". □ 



The next two theorems are among the most basic and well-known results in combinatorics on words 
(except for item (01) of Theorem 12.41) . 

Theorem 2.3. Every nonempty word has a unique primitive root. 
Proof. Let m*" = v", where u and v are primitive. We need to show that u = v. We have 

— 1 — 1 

Pu 1~\ — Pu"' — Py" — Pv n ■ 

X\"\ - 1 xl'i - 1 

Because m\u\ = n\v\, we get - 1) = ^(X'"' - 1)- If = gcd(|M|, |v|), then gcd(xl"l - l.xl"! - 1) = 

X'^-l. Thus P„ must be divisible by (X l"l - 1 ) / (X'^ - 1 ) and P„ must be divisible by (X l^'l - 1 ) / (X^ - 1 ) . 
By Lemma l2!2l both u and v can be primitive only if \u\ = d = \v\. □ 



The primitive root of a word w G is denoted by p{w). 
Theorem 2.4. For m, v G Z^, the following are equivalent: 

1. p(m) = p(v), 

2. ifU,V G {u,v}* and \U\ = \V\, then U =V, 

3. u and v satisfy a nontrivial relation, 

4. p„/(xl"l-i)=A./(xH-i). 

Proof ©^dal): [/ =p(m)I^I/Ip(")I = p{u)\^\/\p(")\ =V. 
@ ^ ®: Clear. 

Q => dUl: Let ui . ..Urn = vi . . .v„, where Ui,Vj G {u,v}. Now 

P P 

0-P -P n 



xi«i-r xi^i-i 

for some polynomial p. If m / « or m,- / v; for some /, then / 0, and thus /'„/(xl"l - 1) = P,./{x\"\ - 1). 
© ^ ©: We have Pj„i = P,|„| , so mI''! = vI"I and p(m) = p(mI''I) = p(vl"l) = p(v). □ 

Similarly, polynomials can be used to give a simple proof for the theorem of Fine and Wilf. In fact, 
one of the original proofs in Q uses power series. Algebraic techniques have also been used to prove 
variations of this theorem |[2T1l . 

Theorem 2.5 (Fine and Wilf). If u^ and vJ have a common prefix of length \u\ + |v| — gcd(|M|, |v|), then 
p{u)=p{v). 
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3 Solutions of Fixed Length 

In this section we apply polynomial techniques to word equations. From now on, we wiU assume that 
the unknowns are ordered as ;ci , . . . ,x„ and that S is the set of these unknowns. 

A (coefficient-free) word equation u = v onn unknowns consists of two words u,v £ S*. A solution 
of this equation is any morphism h : E* ^L* such that h{u) = h(y). The equation is trivial, if u and v 
are the same word. 

The (combinatorial) rank of a morphism h is the smallest number r for which there is a set A of r 
words such that h{x) E A* for every unknown x. A morphism of rank at most one is periodic. 
Let /j : S* — > Z* be a morphism. The length type of h is the vector 

L={\h{xi)\,...,\h{^,)\)G%. 

This length type L determines a morphism len/, : S* No,leni(w) = 

For a word equation E -.yi . . .y^ = Zi ■ ■ -Zi, where yi,Zi G S, a variable x € S and a length type L, let 

QexL = 52 X'™'-^-^' — ^ j^lenL(zi-Zi-l) 
yi=x Zi=x 

Theorem 3.1. A morphism /i : S* — )• £* of length type L is a solution of an equation E : u = v if and only 
if 

Y,QEa,LPh(x)=0. 

xeZ 

Proof. Now h{u) = h{v) if and only if P/,(„) = P/;(v), and the polynomial Pfi[u) — Ph{v) can be written as 
LxezQE,x,LPh(x)by&- □ 

Example 3.2. Let E = {x,y,z}, E : xyz = zxy and L = (1, 1,2). Now 

Qe^X = 1 QE,y,L = X —X^, Qe,z,L =X^ — \. 

If h is the morphism defined hy h{x) = \, h{y) = 2 and h{z) = 12, then /j is a solution of E and 

QE,x.LPh{x) + QE,y,LPh(y) + QE,z,LPh{z) = {I - X^) ■ I + (X - X') ■ 2 + (X^ - + 2X) = 0. 

A morphism : E* — > E* is an elementary transformation, if there are x,y € E so that ^{y) G {xy^^} 
and 0(z) = z for z € E \ {y}. If <^{y) = xy, then is regular, and if = x, then is singular. The 
next lemma follows immediately from results in [20]. 

Lemma 3.3. Every solution h of an equation E has a factorization h = 6 o ^ o a, where (x{x) G {x,£} 
for all X (^E, = 0,„ o • • • o 0i , every 0,- is an elementary transformation and ^ oa is a solution ofE. If 
(x{x) = sfor s unknowns x and t of the 0, are singular, then the rank o/0 o a is n — s — t. 

Lemma 3.4. Let E : u = v be an equation on n unknowns. Let h : E* T,* be a solution of length type L 
that has rank r. There is an r-dimensional subspace V ofQ" such that L G V but those length types of the 
solutions ofE of rank r that are in V are not covered by any finite union of (r — \) -dimensional spaces. 

Proof. Let /j = o o • • • o 0i o a as in Lemma [331 Let /j. = 0yt o • • • o 0i o a. Now g o /,„ is a solution 
of E for every morphism g : E* ^ £*. The length type of gof„ is 

n 

L I ■ ( (-^1 ) 1-^. ,---,\fm{Xn) \x, ) (2) 

!=1 
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To prove the theorem, we need to show that at least r of the vectors in this sum are linearly independent. 

Let A^. be the nxn matrix {\fk{x,i)\x). If there are s unknowns x such that a{x) = e, then the rank of 
Aq is n — s. If <pk is regular, then the matrix is obtained from Ak-\ by adding one of the columns to 
another column, so the ranks of these matrices are equal. If (pk is singular, then A^ is obtained from A^-i 
by adding one of the columns to another column and setting some column to zero, so the rank of the 
matrix is decreased by at most one. If t of the 0; are singular, then the rank of A,„ is at least n — s — t. The 
rank offmisn — s — t,sor<n — s — t and at least r of the columns of Am are linearly independent. □ 

Lemma 3.5. Let E :u = v be an equation and h :E* —^T,* be a solution of length type L that has rank 
r. There are morphisms fm : Z* —?■ Z* and gm : Z* —^T,* and polynomials pij such that the following 
conditions hold: 

1. h = g,nof„, 

2. /„, is a solution ofE, 

3. P{gof,„){xi) = E PijPg{xj) faf all i, j, if g : S* — > £* is a morphism of the same length type as gm, 

4. r of the vectors {pij, ■ ■ ■ ,Pnj), where j = \,. . . ,n, are linearly independent. 

Proof. Let f^ be as in the proof of Lemma [3!4l and let gj^ be such that h = gi^ofj^. For every k, there are 
polynomials pijk so that P^^.^ = T!j=i PijkPgt{xj) for all / G {1, . . . ,n} {pijk "encodes" the positions of the 
word gk{xj) in h{xi)). Let be the n xn matrix {pijk)- The matrix B^+i is obtained from by adding 
one of the columns to another column, and multiplying some column with a polynomial. Like in Lemma 
13.41 we conclude that at least n — s — tof the columns of B^ are hnearly independent and r <n — s — t. If 
we let Pij = pijm, then the four conditions hold. □ 

With the help of these lemmas, we are going to analyze solutions of some fixed length type. Fun- 
damental solutions (which were implicitly present in the previous lemmas, see HO)) have been used in 
connection with fixed lengths also in il3l and lfT2l . 

Theorem 3.6. Let Ei,. . . ,E,„ be a system of equations on n unknowns and let L E Ng. Let qij = QEi.Xj.L- 
If the system has a solution of length type L that has rank r, then the rank of the mx n matrix {qij) is 
at most n — r. If the rank of the matrix is 1, at most one component of L is zero and the equations are 
nontrivial, then they have the same solutions of length type L. 

Proof. Let be a solution of length type L that has rank r. If r = 1 , the first claim follows from Theorem 
13. 1[ so assume that r > 1 . Let E be an equation that has the same nonperiodic solutions as the system. 
We will use Lemma [331 for this equation. Fix k and let g : S* — £* be the morphism determined by 

g{xk) = lO'^"'*^^*''!^' and g{xi) = o\i^'"^^'')\ for all / / k (we assumed earher that ^ Z, but it does not matter 
here). Then gof^isa solution of every £/, P{gof„,){x,) = Ifj=i PijPgixj) and 

n n n 

= 52 QEi^„L Yj PijPg{xj) = QE,,x,,LPik 
i=l 7=1 i=l 

for all / by Theorem 13. II Thus the vectors {pij, ■ ■ ■ ,Pnj) are solutions of the linear system of equations 
determined by the matrix {qij). Because at least r of these vectors are linearly independent, the rank of 
the matrix is at most n — r. 

If at most one component of L is zero and the equations are nontrivial, then all rows of the matrix 
are nonzero. If also the rank of the matrix is 1, then all rows are multiples of each other and the second 
claim follows by Theorem 13. II □ 
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4 Applications 

The graph of a system of word equations is the graph, where S is the set of vertices and there is an 
edge between x and y, if one of the equations in the system is of the form x • • • = y--- . The following 
well-known theorem can be proved with the help of Theorem 13 .61 

Theorem 4.1 (Graph Lemma). Consider a system of equations whose graph has r connected compo- 
nents. If his a solution of this system and h{xj) ^ Efor all i, then h has rank at most r. 

Proof. We can assume that the connected components are 

{-"•1 ) • • • 1 -"-(2 — ill {-^ii 1 ■ ■ ■ 1 ^ii — 1 } ) • • • 5 {-"•!,■ ) • • • ) -^n } 

and the equations are 

Xj---= Xjcj • • • , 

where j G {I, . . . ,n} \ {1,12, . ■ ■ ,1,-} and kj < j. Let qij be as in Theorem l3.6l If we remove the columns 
l,/2, . . . ,/r from the {n — r)xn matrix (^,7), we obtain a square matrix M, where the diagonal elements 
are not divisible by X, but all elements above the diagonal are divisible by X. This means that det(M) is 
not divisible by X, so det(M) / 0. Thus the rank of the matrix is n — r and h has rank at most r by 
Theorem [321 □ 



The next theorem generalizes a result from lU for more than three unknowns. 

Theorem 4.2. If a pair of nontrivial equations on n unknowns has a solution h of rank n — \, where 

no two of the unknowns commute, then there is a number k>\ such that the equations are of the form 

]i_ 

X\ ' ' ' — X'2X'^ * ' * . 

Proof. By Theorem 14.11 the equations must be of the form x\-- - = X2--- ■ Let them be 

xiuy-- - = X2VZ • • • and xi u'y' ■■■ = X2v'z' •■• , 

where u,v,u',v' E {xi,X2}* and y,z,y',z' G {x3,...,x„}. We can assume that z = X3 and |/i(x2v)[ < 
|/z(xim)|, |/j(xim')|, |/z(x2v')|. If it would be |/j(xim)| = |/j(x2v)|, then h{xi) and h(x2) would commute, 
so |/2(xim)| > |/j(x2v)|. If V would contain xi, then h{xi) and h{x2) would commute by Theorem 12.51 so 
V = X2^' for some k> I. 

Let L be the length type of h and let qij be as in Theorem 13.61 By Theorem 13.61 the rank of the 
matrix [qij) must be 1 and thus qnqid — quqii = 0. The term of ^13^22 of the lowest degree is xl'^f^^L 
The same must hold for qnqis, and thus the term of ^23 of the lowest degree must be — xl'^^-^^L This 
means that |/i(x2v')| = |/i(x2)| < |/i(xim')| and z' =X3. As above, we conclude that |/i(x2v')j < \h{x\u')\, 
v' cannot contain X[ and v' = x,^ ' . □ 



It was proved in 11181 that if 

Squ[si . . . u'^S,n = tov\ti . . .v'jn 

holds for m + « + 3 consecutive values of /, then it holds for all /. By using similar ideas as in Theorem 
3.6[ we improve this bound to m + n and prove that the values do not need to be consecutive. In iTSl 
it was also stated that the arithmetization and matrix techniques in |24| would give a simpler proof of a 
weaker result. Similar questions have been studied in |[T4l and there are relations to independent systems 

Ga. 
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Theorem 4.3. Let m,n> 1, sj, tj € T* and uj , vj E T^. Let Uj = squ\s\ . . . u'^^jS^ and V; = tQv\ ti .. . v'jn • If 
Ui = Vi holds for m + n values ofi, then it holds for all i. 

Proof. The equation Ui = Vi is equivalent with Py. — Py. = 0. This equation can be written as 

m 

£ 3; + £ z^X'>''-^*l = 0, (3) 

i=o keK 

where yj,Zk are some polynomials, which do not depend on /, and K is the set of those ^ G {0, . . . «} for 
which |vi . . . v,t! is not any of the numbers \u\ .. .Uj\ (j = 0,... ,m). If ?7,-, = Vi^ and Ui^ = VJ,, then 

(/l -/2)|mi ...M„,| = \Ui, I - liZ/J = |V,-, I - \Vi, \ = (/i -/2)|vi ...V„|. 

Thus \ui ... u,n I = |vi . . . v„ I and the size of K is at most n — \. If Q holds for m + 1 + #K < m + n 
values of /, it can be viewed as a system of equations, where yj,Zk are unknowns. The coefficients of 
this system form a generalized Vandermonde matrix, whose determinant is nonzero, so the system has a 
unique solution yj = Zk = for all j, © holds for all / and Ui = V,- for all /. □ 

5 Sets of Solutions 

Now we analyze how the polynomials Qe,x,l behave when L is not fixed. Let 

^ = {aiXi H \-anXn | ai, . . . ,a„ G No} C 1,[Xi,. . . ,X„] 

be the additive monoid of linear homogeneous polynomials with nonnegative integer coefficients on the 
variables Xi , . . . The monoid ring of ^ over Z is the ring formed by expressions of the form 

aiXP' + ■ ■ ■ + akXP" , 

where a,- € Z and pi G and the addition and multiplication of these generalized polynomials is defined 
in a natural way. This ring is denoted by Z[X;^]. If L G Z", then the value of a polynomial p G ^ at 
the point (Xi, . ..X„) = Lis denoted by p{L), and the polynomial we get by making this substitution in 
s G Z[X;^] is denoted by s{L). 

The ring Z[X;./#] is isomorphic to the ring Z[Y\,... of polynomials on n variables. The isomor- 
phism is given by X^' 1-^ F,-. However, the generalized polynomials, where the exponents are in are 
suitable for our purposes. 

If ai <bi for i = I,... ,n, then we use the notation 

aiXi H \-anX„ ^ biXi -\ \-b„Xn. 

If p,q e ^ and p ^ q, then p{L) < q{L) for all L G Ng. 
For an equation E -.Xi^... Xi^ = Xj^ . . . xj^ we define 

Xii^=X 

Now Se.x{L) = Qe,x.l- Theorem 13.1 l ean be formulated in terms of the generalized polynomials Se,x- 
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Theorem 5.1. A morphism /j : S* ^ Z* of length type L is a solution of an equation E if and only if 

£%,(L)P,(,)=0. 

.res 

Example 5.2. Let E : xiX2X'i = X3X1X2. Now 

The length of an equation £ : m = v is l^l = |mv|. 

Theorem 5.3. Let Ei,E2 be a pair ofnontrivial equations on n unknowns that don't have the same sets 
of solutions of rank n—\. The length types of solutions of the pair of rank n — I are covered by a union 
of \E\ p (n — I) -dimensional subspaces of([^. IfV\,. . . , Vm is a minimal such cover and L € Vifor some 
i, then E\ and E2 have the same solutions of length type L and rank n — I. 

Proof. Let sij = Se^x for / = 1,2 and j = I,... ,n. If all 2 x 2 minors of the 2xn matrix (sij) are zero, 
then for all length types L of solutions of rank n — l the rank of the matrix (17,^) in Theorem l3.6l is 1 and 
El and E2 are equivalent, which is a contradiction. Thus there are k,l such that t^i = s 11^^21 — s\iS2k / 0. 
The generalized polynomial t^i can be written as 

M N 

i=i /=i 

where Pi,qi G ^ and pi ^ qj for all /,/ If L is a length type of a solution of rank n — \, then M = N and 
L must be a solution of the system of equations 

Pi=qa(i) (/=i,...,M) (4) 

for some permutation a. For every a the equations determine an at most {n — 1) -dimensional space. 
Let 

! i i i i i i i 

where a, ^ ^ ^rid so on. The polynomials pi form a subset of the polynomials a, +bj, 

a\ + b'j, Ci + d'j and c\ + dj (the reason that they form just a subset is that we assumed pi ^ qj for all 
For any /, let 7, be the smallest index j such that a,- + bj = p,„ for some m. Now for every i,j,m 
such that at + bj = pm we have a, +bj. < p,„. We can do a similar thing for the polynomials a'-,b'i and 
Ci,d'i and c-,t/;. In this way we obtain at most l^i | polynomials pj such that for any L the value of one 
of these polynomials is minimal among the values Pi{L). Similarly we obtain at most \E\ \ "minimal" 
polynomials qt. It is sufficient to consider only those systems (HJl, where one of the equations is formed 
by these "minimal" polynomials Pi,qi. There are at most \E\\^ possible pairs of such polynomials, and 
each of them determines an {n — 1) -dimensional space. 

Consider the second claim. Because the cover is minimal, there is a solution of rank n — \ whose 
length type is in V,-, but not in any other Vj. By Lemma l34l the length types of solutions of rank n — \ 
in this space cannot be covered by a finite union of {n — 2) -dimensional spaces. Thus one of the systems 
© must determine the space VJ. The same holds for systems coming from all other nonzero 2x2 minors 
of the matrix {sij), so E\ and E2 have the same solutions of rank n — \ and length type L for all L G by 
Theorem [3^ □ 
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The following example illustrates the proof of Theorem 15.31 It gives a pair of equations on three 
unknowns, where the required number of subspaces is two. We do not know any example, where more 
spaces would be necessary. 

Example 5.4. Consider the equations E\ : X1X2X3 = X3X1X2 and Ei : X1X2X1X3X2X3 = X3X1X3X2X1JC2 and the 
generalized polynomial 

_^2Xi+X2 _j_ T^2Xi+2X2+X3 _|_j^Xi+2X3 _^^Xi+X2+X^ ^2Xi+X2+X3 ^Xi+Xj 2X1+2X2 ^Xi+X2+2X^ 

If L is a length type of a nontrivial solution of the pair E\,E2, then s{L) = 0. If s{L) = 0, then L must 
satisfy an equation p = q, where p G {2Xi +X2,Xi +2X3,^1 +X2+X3} and q G {Xi +^3,2X1 +2X2}. 
The possible relations are 

Z3=0, Xi+X2=X3, X2 = 0, Xi +2x2 = 2X3. 

If L satisfies one of the first three, then s{L) = 0. If L satisfies the last one, then s{L) / 0, except if L = 0. 
So if is a nonperiodic solution, then 

\h{x-i)\=0 or \h{xiX2)\ = \h{x3)\ or \h{x2)\=0. 

There are no nonperiodic solutions with h{x2) = e, but every h with h{x3) = £ or h{x\X2) = h{xj,) is a 
solution. 

An equation m = v is balanced, if \u\x = \v\x for every unknown x. In ifTTIl it was proved that if an 
independent pair of equations on three unknowns has a nonperiodic solution, then the equations must be 
balanced. With the help of Theorem 15. 3 1 we get a significantly simpler proof and a generalization for this 
result. 

Theorem 5.5. Let Ei,E2 be a pair of equations on n unknowns having a solution of rank n—\. IfEi is 
not balanced, then every solution ofE[ of rank n—\ is a solution o/£'2- 

Proof. The length types of solutions of E\ are covered by a single {n — 1) -dimensional space V . Because 
the pair E\,E2 has a solution of rank n — 1, V is a minimal cover for the length types of the solutions of 
the pair of rank n — \. By Theorem 15.31 Ei and E2 have the same solutions of length type L and rank 
« - 1 for all L € y. □ 

Another way to think of this result is that if E\ is not balanced but has a solution of rank n—\ that is 
not a solution of E2, then the pair E\,E2 causes a larger than minimal defect effect. 



6 Independent Systems 

A system of word equations Ei,... ,E„, is independent, if for every / there is a morphism that is not a 
solution of Ei, but is a solution of all the other equations. 

A sequence of equations £1 , . . . , E,„ is a chain, if for every / there is a morphism that is not a solution 
of Ei, but is a solution of all the preceding equations. 

The question of the maximal size of an independent system is open. Only things that are known are 
that independent systems cannot be infinite and there aie systems of size &{n^), where n is the number 
of unknowns. For a survey on these topics, see ifTTl . 
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We study the following variation of the above question: how long can a sequence of equations 
E\,...,Em be, if for every / there is a morphism of rank n — I that is not a solution of £",, but is a 
solution of all the preceding equation? We prove an upper bound depending quadratically on the length 
of the first equation. For three unknowns we get a similar bound for the size of independent systems and 
chains. 

Theorem 6.1. Let E\,... ,Em be nontrivial equations on n unknowns having a common solution of rank 
n—l. For every / G { 1 , . . . , m — 1 }, assume that there is a solution of the system E[, . . . ,Ei of rank n — I 
that is not a solution ofEi+\. If the length types of solutions of the pair Ei,E2 of rank n—\ are covered 
by a union ofN {n — I) -dimensional subspaces, then m <N +1. In general, m < \E\ ^ + 1. 

Proof. We can assume that £",- is equivalent with the system Ei,...,Ei for all / G {l,...,m}. Let the 
length types of solutions of E2 of rank n — 1 be covered by the {n — 1) -dimensional spaces Vi,... ,Vn- 
Some subset of these spaces forms a minimal cover for the length types of solutions of £3 of rank n — l. 
If this minimal cover would be the whole set, then E2 and Ej would have the same solutions of rank n—l 
by the second part of Theorem 15.31 Thus the length types of solutions of Ej of rank « — 1 are covered 
by some A'^ — 1 of these spaces. We conclude inductively that the length types of solutions of Ej of rank 
« — 1 are covered by some N — i-\-2 of these spaces for all / G {2, . . . , m}. It must beA'^ — m + 2>l, so 
m < + 1. By the first part of TheoremEl N<\Ei\^. □ 

In Theorem 16.11 it is not enough to assume that the equations are independent and have a common 
solution of rank n — l. If the number of unknowns is not fixed, then there are arbitrarily large such 
systems, where the length of every equation is 10, see e.g. ifTOl . 

In the case of three unknowns. Theorem 16.11 gives an upper bound depending on the length of the 
shortest equation for the size of an independent system of equations, or an upper bound depending on 
the length of the first equation for the size of a chain of equations. A better bound in Theorem 15 . 3 1 would 
immediately give a better bound in the following corollary. 

Corollary 6.2. IfEi ,E,„ is an independent system on three unknowns having a nonperiodic solution, 
then m < \Ei p + 1. IfEi ,. .. ,E,„ is a chain of equations on three unknowns, then m < \Ei ^ + 5. 
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